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ABSTRACT

This article proposesa geometricinterpretationof discrete
fractional order contmwllers based on sampling time scaling
property Dueto its clear interpretation, satisfactoryaccuracy
and easyprogramming the propertycould be usedasa reliable
simulationand realization methodfor fractional order contol
systemsTheexperimentf one-inertiaspeedcontrol with frac-
tional order integral controllers realizedby the proposedsam-
pling time propertyare also carried out to verify the theoetical
robustnesf fractional 1/s” systemsTheexperimentalresults
showthe superior robustnessperformancesf fractional 1/s*
systemsagainst satuiation non-linearity and inertia variation,
which highlightsthe promisingaspectof fractional order con-
trol.

1 INTRODUCTION

The conceptof expandingderivatvesandintegralsto frac-
tional (non-integer) ordess is by no meansnew. In fact, Leibniz
mentionedhis conceptin aletterto L’Hospital over threehun-
dredyearsago (1695) and the earliestmore or lesssystematic
studiesseemto have beenmadein the beaginning and middle
of the 19th century by Liouville(1832,Holmgren(1864) and
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Riemanfi1953 [1]. However, the conceptof fractional order
control, in which the controlled systemsor controlers are de-
scribedby fractionalorderdifferentialequationsyasnot widely
incorportedinto control engineeringnainly dueto the concep-
tually difficultideaof takingfractionalorderandto theexistence
of sofew physicalapplicationsatthattime [2].

In last few decadestesearcherpointedout that fractioral
order differentialequationscould model variousreal materials
moreadequatelyhanintegerorderonesandprovide anexcellent
tool for the descriptionof dynamicalprocesse$l, 3,4]. Those
fractionalordermodelsneedthe correspondindractionalorder
controlles to be proposechndevokedtheinterestto variousap-
plicationsof fractionalordercontrol [5-8]. The significanceof
fractional order control is thatit is a generalizatiorand “inter-
polation” of classicalintegral ordercontroltheory which could
leadto moreadequatenodelingandeasierdesignof robustcon-
trol systemsagainstuncertainties.

It is well known thatinteger orderderivativesandintegrals
have clearphysical andgeometricinterpreations,suchasslope
or velocity for derivativesandareaor distancefor integralsgen-
erally. Theseclearandeasilyunderstandablimterpretationssim-
plified their applicationsto variousproblemsin differentfields,
including controltheorythatis extremelywell developedbased
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onintegerorderdifferentialequations On the contray, for frac-
tional orderderivativesandintegrals,it wasnot so. The notori-
ouslack of cleargeometic interpretationsmadefractioral order
derivatives and integrals conceptuallydifficult and greatly ob-
structedheirrealapplications Podlubnyproposedsimplegeo-
metricinterpretaibn of fractionalintegralsas“changingshadevs
onthewall” andsomepicturesdescribingthis changingprocess
weregiven[9]. But for the applicationsof fractioral ordercon-
trollersto discretecontrd systemshow to interpret the role of
thesecontrollersin discretedomainis muchmoreconcerned.

Thepapetis organizedasfollows: in sectionll, basicmathe-
maticalaspectarementionedn orderto shav thatthefractional
ordercontrol is a generalizatia of classicalinteger order con-
trol theory;in sectionlll, aninterpretationfor discretefractional
order controlless basedon “samplingtime scaling” propertyis
proposedandits applicationto reliable simulationof fractional
ordercontrol systemss mentioned;n sectionlV, mostempha-
sisis placedon the reliablerealizationof fractionalorder1/s”
one-inertiaspeedcontrol systemby proposed‘sampling time
scaling” propety andits robustnessagninstparametewariation
andsaturatiomon-linearity;finally, in sectionV, conclusionsare
drawn.

2 MATHEMATICAL ASPECTS
2.1 Mathematical Definitions

The mathematicatlefinition of fractioral calculushasbeen
the subjectof several differentapproachegl, 3]. The mostfre-
quentlyencounteredefinitionis calledRiemann- Liouvill edef-
inition, in which thefractioral orderintegralsaredefinedas

D¢ = rla) [ =g t@ae 1)

while thedefinition of fractionalorderderivativesis

d
Df = g [0 @
where
r(x) = / yleVdy 3)
0

istheGammadfunction,a andt arelimits anda (a > 0anda € R)
is the orderof the operation.y is anintegerthatsatisfiesy — 1 <
a<y.

The otherapproachor fractionalordercalculus’definition
is Griinwald — Letnikov definition:

n a

Df = lim ;O(—l)f(J)f(t—jh) @)

nh=t—a

Wherethe binomial coeficients(r > 0)

(g>=1, (?):a(a_l)"j'!(a_j+l) 5)

2.2 Laplace and Fourier Transforms
The Laplacetransforns [1, 3] of the Riemann- Liouville
fractionalderivative with ordera > O is

n-1 X
L{oDf}=$'F(9- 3 s (DI 7M@)  ®
=

where(n—1) <a < n. If
oDI I (0)=0, j=0,1,2,...,n—1 @)
then
L{oD{ f(0)} =s"F(9) (8)

Olviously, the Fourier transfom of fractional order calculus
couldbeobtainedby settings= jwin its Laplacetransformjust
like theclassicaintegerordercalculus’.

Fractionalordercalculusis alsoa generalizatiorof classical
integerordercalculusin LaplaceandFouriertransforns, which
would mearnthatextremelywell developedclassicalntegerorder
controltechniquegouldstill befully referedin fractionalorder
control.

3 SAMPLING TIME SCALING
By Riemann- Liouville definition, fractional orderintegral
with orderbetweerD and1 is

olt"f(t):/otf(T)dgt(r), O<a<1 ©)
where
l a a
&(T)zm[t - (-1 (10)
Let
t = nts (11)

wherets is the samplingtime andn is the stepcurrerily under
execution.Then,

n% — (n—k)“

gnts(kts) = r(1+u)

t%, k=1,..,n (12)
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Thereforethe“real” samplingtime T of the kth stepin discrete
fractionalintegral controlleris

Tots(Kts) = Aghts (Kts) = Gnts (Kts) — Gt [(K— 1)tg]
_ (n=k+1)%—(n-K)* ,
= T I
Thus,
19 — oo o
Tnts(nts) = mts
20 —
Tnts[(n—l)ts] = mtsa
(=)0,
T (ts) = Wts (14)

Finally, basedn thetrapezoidalntegrationrule

¢ fkts) + fl(k=1)ts]

ol ~ > Tt (Kts) (15)
k=1
and
. N f(kts) + f[(k— 1)t
ol = lim % (kis) + FI( )S]Tnts(kts) (16)
tti_ﬁ&_ =1 2

Similady, for fractionalorderderivatives

oD f(t) = r(11—a)%/ot ( f_(T))adr, O<ax1
_ dlfs f(1)dai ()]

(17)

where

- =0 (18)

Thus,

1 nl_a —

and

e & f(Ks) + f(k— 1)t
/0 f(dg() ~ 3 >

T (Kts)  (20)

Therefore,

N f(kts) + f[(K— 1)t
pa 2

1
Nt f(kts) + f[(k— 1)ts]

e )

T (Kts)

k=1
(21)
and
oD%, f(nts) = lim {i f(ks) +f[(k Dt o T, (Kis)
ti—>0 K=
=1 f (ktg) + f[(k— Dts
L oRa (e kts}/ts
k=1
(22)

FromEqn.(14) andEqn.(19), theinterpreationof discretefrac-
tional order controlers is seento be that they consistin the
derivatives and integrals with scaledsamplingtime decidedby
the fractioral order and the step currently underexecution. It
canbeseenin Fig. 1 andFig. 2 thatthe constantsampletime is
greatlydeformedby the stepit belongsto. For the discretel ®°
fractionalorderintegral controlles with samplingtime 0.01seg
the scaledsamplingtime of the lateststepis 0.112&e¢ over 11
times of the constantsamplingtime, while in the past1000th
step,it is 0.001&e¢ only 18 percentof the constantsampling
time. The length of scaledsamplingtime fadesaway quite
rapidly (Fig. 2). Evenin past50th stepthe scaledsamplingtime
is 0.008&ec¢ only 7 percentof the latestones. The pastvalues
aresomavhat“forgotten” in discretefractionalordercontrollers
dueto the scaledtiny samplingtime, while in their integer or-
dercounterpartsll the valuesare “remembeed” with the same
weights.

Clearly whenthe orderis integer, the existing time scal-
ing effect disappearandall the samplingtime is kept constant,
rightly equalsthe classicalinterpretatbn of integer orderones,
which shavsin discretedomainfractionalordercontrolis alsoa
generalizatiorand“interpolaion” of integerordercontroltheory
basedn the proposednterpretation.

This time scalingpropety could explain the robustnessof
fractional order controlless against saturationand other nonlin-
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Figure 2. DISCRETE 195 CONTROLLER’S SCALED SAMPLING TIME

earitiesand be an easyway to understandhe essencef frac-
tional order control systemsas being linear time varying sys-
tem actually Dueto its clearinterpretationand easyprogam-
ming, the propety couldbeareliablesimulationandrealization
methodfor somesimplefractional ordercontrolsystems.

The ShortMemoryPrincipleiis beingusedintensiely in the
simulationandrealizatio of discretefractionalordersystemsy
severalauthorsn theliterature [3], [L0-12]. The principletakes
into accounthebehaior of f(t) only in the“recentpast”,i.e. in
theintenal [t — L, t], whereL is thelengthof “memory”:

DY f(t) A% DI (), t> (a+L) (23)

By usingthe ShortMemory Principle,the discreteequivalent of

thefractionalordercontrollerin discretedomainis givenby

(L/T]

(w(z—l)):l:a — TFa 20 CE:I:C() (24)
=

whereT is samplingtime andthebinomial coeficientsare:

clFD) (_1)j (:I:]C(> - (1_ @) (;T_“l, coiu =1 (25)

]

However from the samplingtime scaling property it can be
clearly seenthat even though the past values are forgotten
rapidly, dueto the large quantities,their influencesshould not
be simply neglected.

In orderto shav ShortMemory Principle’s accurag prob-
lem, thefractionala orderintegral c(t) of the unit stepfunction:
f(t)=0, —o <t <0; and f(t) = 1, t > 0 simulatedby the
principle (L=50) is comparedwith the real valuesthat could be
accurateharrivedatbasedntheRiemann- Liouvill e definition:

ct) = ﬁ/ot(t—a)“‘l-l-dz

1 @-&°°

() a
-1 26
T e

t

Figure.3 shavsthatShortMemoryPrinciple simply discardghe
paststeps’value beyond the memorylengthandthe outputbe-
comessaturationmmediately This shortcomingwould greatly
lower its approximateaccuray andleadto fatal static-stateer-

ror especiallyif thefractionalorderintegral controlleris realized
by this method. At the sametime, usingthe proposedsampling
time propertycould give satisctoryaccurag andbe areliable
andeasyprogranming simulationandrealizatiormethodfor dis-
cretefractionalordercontrollersandsystems.

4 REALIZATION OF 1/s" SYSTEMS
4.1 Robustness against Gain Variation

The charactestic equationof close-loopl/s® systemwith
variablegainfactorAis

1+AL =0 (27)

For 1 < a < 2, Egn. (27) hastwo comple-conjugate domi-
nantpolesin the principle sheetof the Riemannsurface —1t <
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Figure 3. ACCURACY OF SHORT MEMORY PRINCIPLE AND THE
PROPOSED METHOD (01=0.5, sampling time=0.01S€g

arg(s) < 1
1 .
s12 = Aaetlva (28)
Therelative dampingratio { is
1 I
= cos(n— E) = —cos(a) (29)

This resultshavs thatthe relative dampingratio { is exclusively
decidedby ordera andindependenof thegain factorA.
In frequeny domain,the charactestic equationis:

1+AG(jw) =0 (30)

Equation.(30) canberewrittenin theform:

Glie) = — (31)

Themovementof —1/A canbeconsideredo bethelocusof the
critical point (Fig. 4) whenthe gain variation occurs.For thein-

teger order systemsthis movementusually leadsto lessphase
mamgin andlow dampingof over-swings.But for fractioral 1/s"

systems phasemargin and relative dampingratio can be kept
constantin wide rangeof frequencieselonv andin the neigh-
borhoodof the critical point. This characteristicdighlightsthe
hopefulaspecof applyingfractionordercontrolersto realcon-
trol problems.

4.2 Time responses of 1/s* Systems
In order to reliably verify the robustnessof frac-
tional 1/s" systemsbasedon the above theoretical analy-

S-plane A jo
-1/A
1 0 "o

Figure 4. CONSTANT PHASE MARGIN OF 1/5“ SYSTEM

sis, fractional order integral controlles realized by the sam-
pling time scaling propety on a digital computer are in-
troducedto achiee the speedcontrol of an electric motor
with nominal inertia J0=6.53x 10~*kgn¥, friction coeficient
Dm=1.25x10"3Nm- segrad, controllefs coeficient K;=0.11,
samplingtime T=0.003ecand an encoder(8000pulse/rev) as
feedbackvelocity sensar Non-linearty of torque saturationis
alsointroducedn the unity feedbackcontrol system(Fig. 5).
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Figure 5. FRACTIONAL I ORDER | CONTROL LOOP WITH NON-
LINEAR FACTOR

It canbe seenclearlythatin theirtime responsedractioral
ordersystemsarealsothe “interpolation” betweerintegerorder
onesandthe time domainperfamancessuchasovershootand
settlingtime, arechangedyreatlywith differentorders(Fig. 6).
In Fig. 7 a constantovershootcanbe ensuredn faceof inertia
variation, shaving a goodrobustnes®f fractionall/s” systems
in timedomain.In thesamdine, Fig. 8 alsoshavsthatfractioral
order controler is robust for saturationnon-lineaity, which is
one of the mostordinaly non-linearphenomenan control sys-
tems.

5 CONCLUSIONS

Therecentprogressn the areaof moreadequatenodeling
of control plantsby fractional order modelsreveals promising
aspectdor future developmentandapplicationof fractionalor-
der control. Somepreliminary works have beenproposedbut
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Figure 6. TIME RESPONSES OF 1/s* SYSTEM
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theclearinterpretationof discretefractionalordercontrolless re-
mainedunknown. In this paperthe samplingtime scalingprop-
erty is proposedo give aninterpretatbn of fractioral ordercon-
trollersin discretedomain.This interestingpropety mightbean
importantpointto understantheessencef fractional ordercon-
trol in discretedomainaslineartime varying systemsandbe a
helpful hint for exploring the connectiondetweerfractional or-

dercontrolandexisting moderndigital controlmethodssuchas
multi-ratesamplingcontrolandits applicationgo digital control

systemsSomemoreprefeableapproximaterealization methods
of fractional ordercontrolless could alsobe developedbasedon

this propety. Experimentsf fractional 1/s* systemswverealso
carriedoutto verify fractionalordercontrolers’ superiomrobust-

nessagainstparametevariaion andsaturatiomon-lineariy that

highlightstheir promisingaspectsvhile future explorationof the

applicationdo morecomple casess needed.
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